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Abstract
Cosmologies with a time dependent Newton constant and cosmological con-
stant are investigated. The scale dependence of G and Λ is governed by a
set of renormalization group equations which is coupled to Einstein’s equation
in a consistent way. The existence of an infrared attractive renormalization
group fixed point is postulated, and the cosmological implications of this as-
sumption are explored. It turns out that in the late Universe the vacuum
energy density is automatically adjusted so as to equal precisely the matter
energy density, and that the deceleration parameter approaches q = −1/4.
This scenario might explain the data from recent observations of high redshift
type Ia Supernovae and the cosmic microwave background radiation without
introducing a quintessence field.
I. INTRODUCTION
Recent astronomical observations of high redshift type Ia Supernovae performed by two
groups [1,2,3] as well as the power spectrum of the cosmic microwave background radiation
obtained by the BOOMERANG [4] and MAXIMA-1 [5] experiments seem to indicate that at
present the Universe is in a state of accelerated expansion. If one analyzes these data within
the Friedmann-Robertson-Walker (FRW) standard model of cosmology their most natural
interpretation is that the Universe is spatially flat and that the (baryonic plus dark) matter
density ρ is about one third of the critical density ρcrit. Most interestingly, the dominant
contribution to the energy density is provided by the cosmological constant Λ. The vacuum
energy density
ρΛ ≡ Λ/(8πG) (1.1)
is about twice as large as ρ, i.e. about two thirds of the critical density. With ΩM ≡ ρ/ρcrit,
ΩΛ ≡ ρΛ/ρcrit and Ωtot ≡ ΩM + ΩΛ:
ΩM ≈ 1/3, ΩΛ ≈ 2/3, Ωtot ≈ 1. (1.2)
This implies that the deceleration parameter q is approximately −1/2. While originally
the cosmological constant problem [6] was related to the question why Λ is so unnaturally
small, the discovery of the important role played by ρΛ has shifted the emphasis toward
the “coincidence problem”, the question why ρ and ρΛ happen to be of the same order of
magnitude precisely at this very moment [7].
In an attempt at resolving this naturalness problem the quintessence models [8,9] have
been proposed in which the cosmological constant becomes a time dependent quantity [10].
Their dynamics is arranged in such a way that ρΛ automatically adjusts itself relative to the
1
value of ρ. In most of the quintessence models the vacuum energy density ρΛ is carried by
a scalar field which has to be introduced on an ad hoc basis.
In this paper we shall describe a different scenario which provides a natural explanation
for the approximate equality of ρ and ρΛ and for the smallness of the cosmological constant.
We are going to set up a very general framework for cosmologies in which both Newton’s
constant and the cosmological constant are time dependent. Within this framework, we
shall formulate a single hypothesis whose consequences will be analyzed and which will turn
out to imply that ρ and ρΛ are approximately equal in the late Universe. In a nutshell, the
hypothesis is that there exists an infrared (IR) attractive fixed point for the renormalization
group (RG) flow of the (dimensionless) Newton constant and cosmological constant, respec-
tively. Our analysis is at purely phenomenological level in the sense that it is not necessary
to know the details of the physics which is responsible for this postulated fixed point.
Before we formulate our hypothesis in detail we first describe the kinematic framework we
are going to employ. It is the same framework which we used in ref. [12], henceforth referred
to as (I), for an analysis of the quantum gravity effects in the early Universe (Planck era).
II. THE KINEMATIC FRAMEWORK
We consider homogeneous and isotropic cosmologies described by a standard Robertson-
Walker metric containing the scale factor a(t) and the parameter K = 0,±1 which distin-
guishes the three types of maximally symmetric 3-spaces of constant cosmological time t.
The dynamics is governed by Einstein’s equation Rµν − 12gµνR = −Λgµν + 8πGTµν with a
conserved energy-momentum tensor Tµ
ν = diag(−ρ, p, p, p) for which we assume the equa-
tion of state p(t) = wρ(t) where w > −1 is an arbitrary constant. Now we perform a
“RG improvement” [13,14,15] of Einstein’s equation by replacing G → G(t) and Λ → Λ(t)
where the time dependence of G and Λ is such that the integrability of the field equations
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is maintained. This leads to the following system of equations:
( a˙
a
)2
+
K
a2
=
1
3
Λ +
8π
3
G ρ (2.1a)
ρ˙+ 3(1 + w)
( a˙
a
)
ρ = 0 (2.1b)
Λ˙ + 8πρ G˙ = 0 (2.1c)
G(t) ≡ G(k = k(t)), Λ(t) ≡ Λ(k = k(t)) (2.1d)
Eq.(2.1a) is the standard Friedmann equation with a time dependent Λ and G, and Eq.(2.1b)
expresses the conservation of T µν . Eq.(2.1c) is a novel consistency condition which is dictated
by Bianchi’s identity. It guarantees that the RHS of Einstein’s equation has vanishing
covariant divergence. The system of equations (2.1a,b,c) has already been studied in the
literature [16,17]. Our crucial new ingredient [12] are the RG equations (2.1d). Their
meaning is as follows.
We describe gravitational phenomena at a typical distance scale ℓ ≡ k−1 in terms of a
scale dependent effective action Γk[gµν ] which should be thought of as a Wilsonian coarse
grained free energy functional. The mass parameter k is a IR cutoff in the sense that Γk
encapsulates the effect of all metric fluctuations with momenta larger than k while those with
smaller momenta are not yet “integrated out”. When evaluated at tree level, Γk describes
all processes involving a single characteristic momentum k with all loop effects included.
In [13], Γk has been identified with the effective average action [18] for Euclidean quantum
gravity and an exact functional RG equation for the k-dependence of Γk has been derived.
Nonperturbative solutions were obtained within the “Einstein-Hilbert truncation” which
assumes Γk to be of the form
Γk = (16πG(k))
−1
∫
d4x
√
g{−R(g) + 2Λ(k)} (2.2)
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The RG equations yield an explicit answer for the k-dependence of the running Newton
constant G(k) and the running cosmological constant Λ(k). Within the Einstein-Hilbert
approximation, the renormalization effects are strong only if k is close to the Planck mass
mPl. In (I) we argued that they are important for an understanding of the Planck era
immediately after the big bang. However, there are indications [19] that quantum Einstein
gravity, because of its inherent IR divergences, is subject to strong renormalization effects
also at very large distances. In cosmology those effects would be relevant to the Universe
at late times. It has been speculated that they might lead to a dynamical relaxation of Λ,
thus solving the cosmological constant problem [19]. An analysis of such IR effects in the
framework of the effective average action is not available yet. It would require truncations
which are much more complicated than (2.2) and which contain nonlocal invariants [20], for
instance.
Nevertheless, in order to describe the idea of the “RG improvement” let us assume that
we actually know the functions G(k) and Λ(k) for all values of k, in particular for k → 0, i.e.
in the IR. The idea is to express the mass parameter k in terms of the physically relevant
cutoff scale. In (I) we argued that, in leading order, the correct cutoff identification in a
Robertson-Walker spacetime is
k(t) = ξ/t (2.3)
where ξ > 0 is an a priori unknown constant. Inserting (2.3) into G(k) and Λ(k) we obtain
the time dependent quantities G(t) ≡ G(k = ξ/t) and Λ(t) ≡ Λ(k = ξ/t). This is precisely
what is meant by the last two equations of the system (2.1), Eq.(2.1d). (See (I) for further
details.)
The cutoff identification (2.3) applies in the case of perfect homogeneity and isotropy for
which kcosmo ≡ k(t) = ξ/t is the only relevant scale. Allowing for (large, nonlinear) density
4
perturbations δρ(x, t) of a typical wave length λpert we introduce a new scale kpert = 2π/λpert
into the problem. Similarly, immersing a localized matter distribution (a massive body) of
total mass M into the cosmological fluid gives rise to the scale kM =M . In the situations of
interest the latter two mass scales are much larger than the cosmological one: kpert, kM ≫
kcosmo.
In a situation with more than one possible physical cutoff scale the general theory of
the effective average action [18] implies that the relevant action is Γk where k is the largest
one of the various competing scales. Hence in order to describe the physics of density
perturbations of the localized matter distribution one has to use Γk at k = kpert and k = kM,
respectively, rather than at k = kcosmo. In this case one needs to know G(k) and Λ(k) for k
near kpert, kM ≫ kcosmo i.e. in a very different regime.
In the present paper we are interested only in the large scale dynamics of the Universe.
In the next section we are going to formulate a hypothesis on the running of G(k), Λ(k)
for k near kcosmo. The only assumption which we make about the RG flow of G and Λ at
“non-cosmological” scales k ≫ kcosmo (e.g. for k ≈ kpert, kM) is that at those scales the
k-dependence is very weak or zero so that standard gravity is recovered at sub-cosmological
scales.
At this point we emphasize that it is not important for the present discussion which
physical mechanism actually causes the k- or t- dependence of G and Λ. In particular, we
also cover the possibility of an entirely classical origin of this running. In fact, it has been
pointed out [21,22] that G and Λ naturally acquire a scale dependence if one starts from a
density distribution which is inhomogeneous at small distances and then performs spatial
averaging over 3-volumes of increasing linear extension ℓ = k−1. The classical dynamics of
the averaged quantities leads to a nontrivial RG flow of G and Λ. Since the Universe is
certainly not homogeneous at small distance scales, knowledge of this RG flow is impor-
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tant if one wants to parametrize observational data obtained at those scales in terms of a
homogeneous FRW model; it was argued that this classical scale dependence might resolve
the controversy about the value of the Hubble constant [21]. Another intriguing result is
that, after spatial averaging, the backreaction of long wavelength scalar and tensor cosmo-
logical perturbations amounts to an effective negative energy density which counteracts any
pre-existing cosmological constant [22].
III. THE FIXED POINT HYPOTHESIS
The above remarks complete our motivation of the system of equations (2.1). We shall
now formulate a hypothesis about the RG behavior of G and Λ whose dynamical origin
is left open. Introducing dimensionless quantities g(k) ≡ k2G(k) and λ(k) ≡ Λ(k)/k2 the
hypothesis is that for k → 0 both g and λ run into an IR attractive non-Gaussian fixed
point, i.e. that for a wide range of initial conditions
lim
k→0
g(k) = gIR∗ , lim
k→0
λ(k) = λIR∗ (3.1)
where gIR∗ and λ
IR
∗ are strictly positive. While there are encouraging indications pointing
toward the existence of this fixed point [19], a rigorous proof would be a formidable task,
however, probably comparable to a proof of confinement in QCD. In the following we explore
the cosmological implications of (3.1) which, as we shall see, provide further evidence for
the fixed point hypothesis from the phenomenological side.
The postulated fixed point is the IR counterpart of the UV attractive non-Gaussian fixed
point which is known to exist in the Einstein-Hilbert truncation of pure quantum gravity
[23,13,24]. For a large class of trajectories [25],
lim
k→∞
g(k) = gUV∗ , lim
k→∞
λ(k) = λUV∗ (3.2)
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More generally, we assume that the exact cosmologically relevant RG trajectory in (g, λ)-
space smoothly interpolates between (gUV∗ , λ
UV
∗ ) for k → ∞ and (gIR∗ , λIR∗ ) for k → 0. The
UV fixed point is important for the very early Universe (t → 0) while the IR fixed point
determines the cosmology at late times (t→∞).
It is reassuring to note that a similar crossover between two non-trivial RG fixed points
has actually been shown to exist in 2-dimensional Liouville quantum gravity [26]. Its RG
trajectory connects two conformal field theories with central charges 25 − c and 26 − c,
respectively, where c is the central charge of the matter system.
In the vicinity of either of the two fixed points the evolution of the dimensionful G and
Λ is approximately given by
G(k) =
g∗
k2
, Λ(k) = λ∗ k
2 (3.3)
Here and in the following the fixed point values are denoted g∗ and λ∗ if the corresponding
formula is valid both at the UV and at the IR fixed point. From (3.3) with (2.3) we obtain
the time dependent Newton constant and cosmological constant:
G(t) = g∗ξ
−2 t2, Λ(t) =
λ∗ξ
2
t2
(3.4)
The power laws (3.4) are valid both for t ց 0 and, with different coefficients, for t → ∞.
By assumption, the time dependence of G and Λ at intermediate times is given by smooth
functions G(t) and Λ(t) which interpolate between the UV and IR power laws. If we use
these functions G(t) and Λ(t) in the coupled system (2.1), its solution gives us the scale
factor a(t) and the density ρ(t) of the “RG improved cosmology”.
To be precise, our hypothesis about the RG trajectory k 7→ (G(k),Λ(k)) consists of two
parts. For k <∼ kcosmo we assume the validity of the IR fixed point behavior (3.3). For
k >∼ kcosmo the assumption is that G and Λ depend on k only extremely weakly or are
k-independent. In this manner we recover standard gravity with G,Λ=const at the length
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scales smaller than the cosmological scale ∝ t. In particular G and Λ are essentially constant
at kpert and kM so that the dynamics of localized matter distribution remains unchanged
and there is no conflict with the classical tests of general relativity. Stated differently, the
hypothesis is that the nontrivial runnning is due to quantum fluctuations with momenta
between kcosmo and kmax where 1/kmax is the length scale characterizing the largest localized
structures in the Universe of which we know for sure that standard gravity applies.
IV. COSMOLOGICAL SOLUTIONS IN THE FIXED POINT REGIME
It is important to note that the system (2.1) is actually overdetermined: it consists of 5
equations for the 4 unknowns a, ρ, G and Λ. This leads to nontrivial consistency conditions
for admissible RG trajectories and cutoff identifications. (See (I) for a detailed discussion.)
In (I) we showed that if G(t) and Λ(t) are given by (3.4) the system (2.1) has indeed a
consistent solution provided ξ assumes a specific value. Quite generally the consistency
conditions have the very welcome feature of fixing the ambiguities in the modeling of the
cutoff (here ξ) to some extent.
For the case of a spatially flat Universe (K = 0) the consistency condition reads
ξ2 =
8
3(1 + w)2 λ∗
(4.1)
If it is satisfied, the system (2.1) with (3.4) has the following almost unique solution
a(t) =
[(3
8
)2
(1 + w)4 g∗λ∗M
]1/(3+3w)
t4/(3+3w) (4.2a)
ρ(t) =
8
9π(1 + w)4 g∗λ∗
1
t4
(4.2b)
G(t) =
3
8
(1 + w)2 g∗λ∗ t
2 (4.2c)
Λ(t) =
8
3(1 + w)2
1
t2
(4.2d)
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Apart from the parameter w and the product g∗λ∗, the solution (4.2) depends only on a single
constant of integration, M, whose value affects only the overall scale of a(t). Numerically
it equals 8πρ(t)[a(t)]3+3w ≡ M which, like in standard cosmology, is a conserved quantity
for the system (2.1).
The solution (4.2) has several very interesting and attractive features. Introducing the
critical density
ρcrit(t) ≡ 3
8πG(t)
( a˙
a
)2
(4.3)
we find for any value of w, g∗λ∗, andM that ρcrit(t) = 2ρ(t) and ρΛ(t) = ρ(t). Hence
ρ = ρΛ =
1
2
ρcrit (4.4)
Thus the total energy density ρtot ≡ ρ+ρΛ equals precisely the critical one: ρtot(t) = ρcrit(t).
This latter equality does not come as a surprise because also the RG improved Friedmann
equation can be brought to the form
K = a˙2 [ρtot/ρcrit − 1] (4.5)
so that ρtot = ρcrit holds true for any solution with K = 0. On the other hand, the exact
equality of the matter energy density ρ and the vacuum energy density ρΛ is a nontrivial
prediction of the fixed point solution. In terms of the relative densities,
ΩM = ΩΛ =
1
2
, Ωtot = 1 (4.6)
Also the Hubble parameter of the solution (4.2)
H ≡ a˙
a
=
4
3 + 3w
1
t
(4.7)
and its deceleration parameter
9
q ≡ −a a¨
a˙2
=
3w − 1
4
(4.8)
are independent of g∗, λ∗ andM. It can be shown that the standard formula for q in terms of
the relative densities continues to be correct for the improved system (2.1) with an arbitrary
RG solution (2.1d):
q =
1
2
(3w + 1) ΩM − ΩΛ (4.9)
Clearly (4.9) is satisfied by (4.8) with (4.6).
Another interesting feature of the fixed point solution is that it yields a universal, time
independent value of the “Machian” quantity ρ G t2 [27]
ρ(t) G(t) t2 =
1
3π(1 + w)2
(4.10)
Since the 1-parameter family of cosmologies (with parameter M ) described by (4.2) is
the most general solution of the system (2.1) with the fixed point running (3.4) we conclude
that every complete solution of (2.1), valid for all t ∈ (0,∞), approaches one of the solutions
(4.2) either for t ց 0 or for t → ∞, depending on whether the fixed point is UV or IR for
the trajectory considered. Thus the fixed point solution (4.2) is an attractor in the space of
the functions (a, ρ, G,Λ).
Note that the product G(t)Λ(t) = G(k)Λ(k) = g∗λ∗ is constant in the vicinity of any
fixed point. Its actual value is characteristic of this fixed point. While, for pure gravity,
gUV∗ λ
UV
∗ = O(1) at the UV fixed point of [12], the hypothetical IR fixed point of the coupled
gravity-matter system has gIR∗ λ
IR
∗ = O(10
−120). It is important to understand that the
smallness of this number does not pose any finetuning problem as in the standard situation.
In fact, in our approach both gUV∗ λ
UV
∗ and g
IR
∗ λ
IR
∗ are fixed and well-defined numbers which,
at least in principle, can be computed from the RG equation. However, apart from being
a difficult task technically, their actual determination is possible only once we know the
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complete system of all matter fields in the Universe. The number 10−120 reflects specific
properties of this matter system coupled to gravity rather than an initial condition.
In the following we focus on the possibility of an IR attractive fixed point which governs
the cosmological evolution for t → ∞. Whether or not there exists in addition an UV
fixed point approached for t ց 0 is not important in this context. Assuming the existence
of the IR fixed point and the validity of the equations (2.1) we are led to conclude that
the late Universe, for which the RG trajectory is already sufficiently close to the fixed
point, is described by the power laws (4.2). This leads to the unambiguous prediction that
ΩM = ΩΛ = 1/2 for every value of w. Moreover, if we make the additional assumption that
the late Universe is matter dominated (w = 0), Eq.(4.8) yields a ∝ t4/3 with the deceleration
parameter −1/4. Hence, near the fixed point,
ΩM = ΩΛ =
1
2
, q = −1
4
(w = 0) (4.11)
Without any further input from the RG equations (which would require detailed knowledge
of the matter sector) we cannot assess at which time tFP the fixed point behavior sets in.
At tFP a generic solution, arising from arbitrary initial conditions, starts looking like (4.2).
However, it is very intriguing that the prediction (4.11), valid for t > tFP, is quite close to
the values (1.2) favored by the recent observations∗. In particular, the fixed point structure
provides a natural explanation for the mysterious equality (or approximate equality) of ρ
and ρΛ. This success supports the idea that the present-day Universe is in the, or at least
close to the IR fixed point regime.
The deviation of the observed values (1.2) from ΩM = ΩΛ = 1/2 could be due to the fact
∗Note that the values (1.2) are still afflicted with large error bars [1]. In the (ΩM,ΩΛ)-plane, the
values (4.11) lie within the ellipse corresponding to the 2σ confidence region.
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that the fixed point behavior is not fully developed yet so that the Universe still has some way
to go before the finer quantitative details of the solution (4.2) are realized. However, given
the large observational uncertainties [1] it is also well possible that more precise observations
will lead to modified values of ΩM and ΩΛ which are closer to ΩM = ΩΛ = 1/2.
A further testable prediction of the fixed point hypothesis is the time variation of New-
ton’s constant. From (4.2) we obtain
G˙
G
=
2
t
=
1
2
(3 + 3w) H(t) (4.12)
The experimental upper bound from laboratory and Solar System experiments for the
present-day value of this quantity [28] is of the order of |G˙/G| <∼ (1011yr)−1. Hence even the
technology available today is not very far away from being able to verify or falsify (4.12).
One should bear in mind, however, that the G in Eq.(4.12) refers to a different length scale
than the one measured in Solar System experiments, say.
In this context it is interesting to remark that recently a Brans-Dicke theory with a
quadratic self-coupling of the Brans-Dicke field has been constructed [29] which admits a
solution very similar to our fixed point solution (4.2) and which predicts the same time
dependence of Newton’s constant.
Up to now we discussed the spatially flat Universe only. The K = 0-solution (4.2)
exists for every value of the parameter w. The situation is different when we now look for
solutions with K = ±1 corresponding to spatially curved Universes. In (I) we have shown
that consistent solutions to the system (2.1), (3.4) with K = +1 or K = −1 exist only if
w = +1/3, i.e. for a radiation dominated Universe. Assuming the validity of (2.1) and of
the fixed point hypothesis, and excluding the possibility of w = +1/3 for t → ∞, we see
that the Universe can fall into the basin of attraction induced by the IR fixed point only if
it is spatially flat, i.e. if K = 0. By Eq.(4.5) this is equivalent to ρtot = ρcrit, as it would be
12
in standard cosmology.
It is important to stress that the fixed-point scenario sets in at scales that are much larger
than the characteristic scales of local gravitational interactions. One cannot expect that any
simple scaling law, or cutoff identification, can be used in a general gravitating system when
we are probably far from any fixed point in the G and Λ evolution. Instead we assume that
G and Λ can be RG evolved only through the large scale evolution of the Universe, which
would then provide a natural scaling law and a meaningful cutoff identification by means of
the cosmological time. In fact at much smaller scales than galaxy cluster scales neither we
can establish the flow equations, nor we could guess a meaningful identification of the cutoff
since several “crossover” regions can be present, which would drive us away from the fixed
point law and would make any identification of the cutoff problematic.
It is nevertheless possible to describe the evolution of weak, localized density perturba-
tions δρ≪ ρ within our framework in a consistent way. The reason is that, at the linearized
level, the effective cutoff scale is still given by kcosmo rather than the scales associates with
δρ.
Let us consider a “fundamental observer” describing the cosmological fluid flow lines.
Its 4-velocity is uµ = dxµ/dτ, uµuµ = −1 where τ is the proper time along the fluid flow
lines. The projection tensor in the tangent 3-space orthogonal to uµ is hµν = gµν + uµuν
with hµνh
ν
σ = h
µ
σ and h
µ
νu
ν = 0. The energy-momentum tensor then reads T µν =
ρ uµuν + p hµν , where ρ = ρ¯ + δρ(xµ) and p = p¯ + δp(xµ) being ρ¯ and p¯ the pressure and
the density of the unperturbed universe. From the Bianchi identities and the conservation
law ∇νT µν = 0 we have the following propagation equations
uν (∇νΛ+ 8πρ ∇νG) = 0 (4.13)
hµν (−∇νΛ + 8πp ∇νG) = 0 (4.14)
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for the uµ direction and for the tangent orthogonal 3-space, respectively, together with
GΛ = λ∗g∗ (4.15)
coming from the fixed point behavior (3.3). From (4.14) we thus see that in the late Universe,
which is of interest for us, when p¯ = 0 is a good equation of state, there are no space gradients
of the cosmological constant up to first order perturbation theory. In fact since δp, δρ and
the space gradients of G and Λ are assumed to be of the same order, δp hνµ∇νG is of second
order. Therefore, by differentiation of (4.15) and subsequent projection onto the 3-space, one
concludes that also the space gradients of G are negligible in this approximation. This result
implies that the description of local gravitational interactions depends only on the global,
large scale, time evolution of G and Λ and it does not introduce additional effects coming
from the space gradients of G and Λ that could in principle appear in the description of
local deviations from homogeneity. One can then discuss the standard scenario of structure
formation with the large scale structure evolution provided by the solution (4.2).
We also emphasize that the standard experimental value of Newton’s constant, Gexp, does
not coincide with the value G(k = ξ/t0) which is relevant for cosmology today, i.e. for t = t0.
Gexp is measured (today) at kexp ∝ ℓ−1 where the length ℓ ≡ ℓsol is a typical solar system
length scale, say. Thus, in terms of the running Newton constant, Gexp = G(k = ξ
′/ℓsol),
since ℓsol ≪ t0, and since in presence of several scales the relevant cutoff is always the larger
one†. It is only the cosmological quantity G(k = ξ/t) which grows ∝ t2 in the fixed point
regime, not Gexp. This remark entails that a t
2-growth of the cosmological Newton constant
in the recent past does not ruin the predictions about primordial nucleosynthesis which
requires that G(k = ξ/tnucl) coincides with Gexp rather precisely. In fact, at the time t = tnucl
†See ref.[14] for a detailed discussion of this point.
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of nucleosynthesis the cosmological Newton constant was indeed G(k = ξ/tnucl) ≈ Gexp since
ctnucl and ℓsol are of the same order of magnitude (a few light minutes).
V. DISCUSSION AND CONCLUSION
In this paper we modified Einstein’s equation for a Robertson-Walker spacetime by al-
lowing for a scale-, and hence time-dependent Newton’s constant and cosmological constant.
The scale dependence of G and Λ follows from a renormalization group which could be of
either classical or quantum origin. We postulated that the RG flow at large distances is
governed by an IR fixed point and we investigated the cosmological implications of this as-
sumption. It turned out that, in the fixed point regime, the vacuum energy density ρΛ equals
precisely the matter density ρ and that they decrease proportional to 1/t4, while Newton’s
constant increases ∝ t2. Assuming that the present Universe is in that regime, this scenario
leads to a natural resolution of the coincidence problem (“Why is ρ/ρΛ = O(1) today?”)
and of the cosmological constant problem in its original form (“Why is Λ so small?”). It
predicts that the universe is spatially flat.
Obviously cosmologies of the type found here are very attractive from the phenomenolog-
ical point of view. This success provides a strong motivation for further attempts at actually
proving the existence of the postulated IR fixed point and the validity of the improved system
of cosmological evolution equations, Eqs.(2.1).
In the present paper we assumed the existence of a cosmologically relevant IR fixed point,
while in (I) we investigated the consequences of a UV fixed point for the Planck era directly
after the big bang. The UV fixed point has been shown to exist in (the Einstein-Hilbert
truncation of) pure quantum gravity. The assumption that the matter contents of the
Universe is such that there exists both the UV and the IR fixed point leads to a particularly
symmetric cosmological scenario: The Universe begins and ends at two different attractors,
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attractive for t ց 0 and t → ∞, respectively, and its evolution between them is a kind of
crossover between two fixed points.
Before closing let us see what happens if we relax our hypothesis to some extent. Up to
now we assumed the IR fixed point to be attractive in all directions in the space of coupling
constants. It might be that actually there are also unstable directions so that for t→∞ the
Universe is eventually driven away from it. Nevertheless, if it stays for a sufficiently long
time close to the fixed point, the solution (4.2) might still be a rather accurate description
of the present Universe even though its ultimate fate for t→∞ cannot be predicted then.
As a more radical step, let us give up our idea that the t-dependence of G(t) and Λ(t)
arises from some RG trajectory G(k) and Λ(k) by identifying k ≡ k(t). We retain however
the three differential equations (2.1a), (2.1b), and (2.1c). The system (2.1a,b,c) without
(2.1d) is underdetermined so that an additional condition on a, ρ, G and Λ may be imposed.
Without providing a physical explanation, it was assumed in ref. [17] that Newton’s constant
varies according to a power law G ∝ tn with an arbitrary, not necessarily integer exponent
n. With this additional condition the system (2.1a,b,c) with K = 0 has the following
2-parameter family of solutions (The parameters areM and C > 0.) :
a(t) =
[3(1 + w)2
2(n+ 2)
M C
]1/(3+3w)
t(n+2)/(3+3w) (5.1a)
ρ(t) =
(n+ 2)
12π (1 + w)2 C
1
tn+2
(5.1b)
G(t) = C tn (5.1c)
Λ(t) =
n(n + 2)
3(1 + w)2
1
t2
(5.1d)
The solution (4.2) resulting from the fixed point hypothesis corresponds to the special case
n = 2 and C = 3(1+w)2g∗λ∗/8. Note that the exponent n = 2 is an unambiguous prediction
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of the fixed point scenario. It is obtained even if we use an identification of k in terms of
t which is different from k = ξ/t. The reason is that (3.3) implies GΛ = g∗λ∗ = const for
every function k = k(t), but according to (5.1) the product GΛ is constant only if n = 2.
For the cosmology (5.1) one easily computes
ΩM =
2
n+ 2
, ΩΛ =
n
n+ 2
, Ωtot = 1, q =
1 + 3w − n
n+ 2
(5.2)
For n 6= 2, ρ and ρΛ are no longer equal: ΩΛ/ΩM = n/2. It is amusing to note that setting
n = 4 and w = 0 yields
ΩM =
1
3
, ΩΛ =
2
3
, q = −1
2
(n = 4, w = 0) (5.3)
which equals quite precisely the values (1.2) favored by the present experimental data.
Once more we see that a more accurate experimental determination of ΩM and ΩΛ is
highly desirable. In case the values ultimately stabilize near ΩM = ΩΛ = 1/2 this would be
an important step toward confirming the fixed point scenario. If instead they remain close to
their present values (1.2) it might be worthwhile to reconsider the more general cosmologies
of the type (5.1) with n = 4. However, at present there seems to be no theoretical argument
which would single out G ∝ tn and n = 4. While the classical cosmological tests related
to the early Universe (nucleosynthesis) are most probably insensitive to the modifications
caused by the IR fixed point, measurements of G˙/G at different length scales are another
important test for the validity of the fixed point hypothesis.
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